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Interactive Lecture

Classification with
Gaussian Mixture Models (GMM) + Bayes
K-nearest neighbors



Machine Learning | =Pr-L

Interactions during interactive exercises

i oty

Draw solutions onto — Z0o0Mm
zoom window directly \
Type it in @ask-a-question text channel Type it in zoom

\ chat box

Teaching assistants
. . “ —
will reply live To: (CETEED

Type message here...




Launch polling system

https://participant.turningtechnologies.eu/en/join

Acces as GUEST and enter the session id: appliedm/2020

© & GJ httpsy//participant turningtechnologies.eu/en/join oo vy N O & =

@3 TurningPoint M signin @

Hello Guest!

appliedmI2020

Join Session




oClass 0
oClass 1

Decision Boundary

y=C :
p(y=C'lx)=p(y=C"|x)
p(x|y=c)~plx|p X
4,2 : mean and covariance matrix
A. Yes
B. No
C. 1donot know



Answer YES

‘ GMM Marginals

Dimension 1 ~
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oClass 1




A. Yes
B. No

C.

I do not know

oClass 0
oClass 1




The answer 1s yes but not with any model.

Only a diagonal or full covariance matrix will do.

oClass 0
eoClass 1

10
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ints using only the middle points for training?

Training set

Test

Test Test Test

(a) (b)

. Yes forbothaandb
No for bothaand b
Yes for a only

oNw »

. Yes for b only
I do not know

.m

11



(a)

The answer 1s yes for (b) only.

Again, this 1s correct but not with any
model. Only a diagonal or full covariance
matrix will do and we need two Gauss
functions at minimum.

(b)

‘.- GMM Marginals

Dimension 1 -~

10y
7.57

5.
2.5

a4 03

0.3




Determining the boundary across two pdf-s

We must determine the class with class label ¢ that is most likely to have
generated the datapoint x: p(y =C| x)

y:C|x):p(J/=C)p(x|y:C)
p(x)

Bayes's rule:  p(

p(x): Marginal on x

p(y =C): Probability of class C

p(x|y=C):class conditional distribution of x p(xly=C)~ p(x14 )= 1 (o)) e

1/2 .

N/2
~ how the samples are distributed within class C. (27) ‘ 1‘

To determine the class label, compute optimal Bayes classifier.

A point x belongs to class C' if p(y:C1 |x)>p(y:C2 |x)

Assuming equal class distribution,p(y = Cl) = p(y = Cz) & Inp (y = Cl) = lnp(y = Cz)

o (st () () gl < () () (e a) b

13
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Gaussian Discriminant Rule

#4 ------ Effect of variance diSappearS —- back to norm-2

At (xj — 4, )T (O')_l (xj _l“jl) < (xj _f“jz) (0)_1 (xj _ﬂjz)> J : {12}

T

o () () (st ol | < (e ) (27) (o) ol

15
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‘. GMM Marginals

Dimension 1 ~

20

Gaussian Discriminant Rule

0.2

0.1

0.1

16
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Exercise

Find the boundary when using GMM with one Gauss fct for each class

Look for intersection of each Gauss function’s isolines of same value

[Boundary at points x, s.t.

(=) (=) (w=p)+logle!|= (x=p) (22) " (x—s2*)+log[e’

17
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Exercise: Solution

NN




Exercise: Solution

T
Find the boundary when using GMM with one Gauss fct for each class
y g ‘
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Exercise

Find the boundary when using GMM with one Gauss fct for each class

1 2
o 0 o~ 0
1 1 2 1 1 1 2 2
2 ={ 1},2 :{ 2},0'1 >0,,0, <0,,

/

Boundary at points x, s.t.

) (=) (e togle | = (e (22) (- ) loge?

20




Exercise: Solution

Find the boundary when using GMM with one Gauss fct for each class




Nonlinearity of the Decision Boundary

Recall: to determine the class label, compute optimal Bayes classifier.

A point x belongs to class C' if p(y:C1 |x)>p(y:C2 |x)

:>1np(y:C1|x)>lnp(y=C2|x)

Consider the univariate case (1D data) and classes equally likely p ( y= Cl) =p ( y= Cz)

(x—u')’

—+ Inv270?

(x_’u22+ln 2no! =
2(0‘1) 2 02)

x2—2x,u1+(,ul)2_x2—2xy2+</,12)2
2a') 2a?)
A (e R AN e e o AT A
] [ #V (o) ] T A
o

Quadratic equation—> Nonlinear boundary

+Inv27(c' =0*)=0

22



Nonlinearity of the Decision Boundary

The decision boundary has the form:

ax” + bx + ¢ = 0 — in the univariate case L ,
Quadratic Discriminant Analysis

x' Ax +b" x + ¢ = 0 — in the multivariate case

bx + ¢ = 0 — in the univariate case . - .
, . - Linear Discriminant Analysis
b’ x + c = 0 — in the multivariate case

» Linear equation—> Linear boundary

In the case where 0-12 = 022 or X' =3? for the multivariate case
A

[ @ Aoy H
2oV (2 ()




Example of binary classification using
2 Gaussian Mixture Models with 2 Gauss functions each

24
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Maximum Likelihood Discriminant Rule

for Multi-Class Classification

The maximum likelihood (ML) discriminant rule predicts the class of an
observation x using:

c(x) =argmax p, (x) for K classes
k=1..K

ML discriminant rule 1s minimum of minus the log-likelihood (equiv. to
maximizing the likelithood):

C*(x) = argmin{(x—p* ) (2*) " (= p* ) +1og|s*

25



Even though there are two classes, the groups being distinct, the

boundaries can be thought of as a 4-class classification problem.

Exercise

Find the boundaries for the two distributions below

5Class 0

_____________________________________________________

Assume GMM with
spherical Gauss functions

——————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

—————————————————————————————————————————————————————————————————

C*(x) = argmin{(x—p* ) (2*) " (=) +log|e*

26
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Exercise

| Find the boundaries for the two distributions below

oClass 0

________________________________________________

________________________________________________________________

27
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Exercise

ns below

1butio

Find the boundaries for the two distri

J

ss 1)

|@Cl:

Ll

N P N

g Y gy ANy [

[ T

B T et S e ST e s

i it e e e e Eol

GMM Marginals

¢

Dimension 2 ~
-0.2
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Exercise

Find the boundaries for the two distributions below

- ‘ GMM Marginals

Dimension 2 ~

o e N Wh U

02 -01 0 01 02 03 04
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Gaussian ML Discriminant Rule and LDA

When all class densities have the same covariance matrix, 2* = X | the
discriminant rule 1s linear This can be turned into a single optimization
problem for supervised learning when the class labels are known. This 1s
known as Linear discriminant analysis (LDA).

0<(x—p)(2) (x—p') <(x—p)(Z)" (x—4)

or equivalently

¢, (x) = argmin{(x_luk )(Z)‘l (X—luk )T}

k={1,2}

T

LDA can be used as projection technique, like PCA, using as objective
function the discriminant rule.
It finds the projection that separates best the two classes.

See Lecture Notes for description of LDA.

30
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LDA

Linear Discriminant Analysis (LDA) combines concepts of PCA and clustering to determine
projections along which a dataset can be best separated into two distinct classes.

LDA aims to find the optimal transformation 4 such that the class structure of the original high-
dimensional space is preserved in the low dimensional space

A:xieRN%yizAxieRq(qSN)

LDA finds the matrix A solution of the following optimization (Sw and Sb measure the within-
class and between-class distribution respectively).

s
7(4)= A4S, 4 5, =

3 (-t}

i () - m)

Bl

M- 1M

b
Il

1

As for PCA, the solution is found analytically as an eigenvalue problem

Sx=AS x, A#0

LDA assumes that all classes have equal class covariance (otherwise, the elements of the
within-class matrix should be normalized by the covariance on the set of data

See Lecture Notes for description of LDA. 31
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Gaussian ML Discriminant Rule and LDA

oClass 0
eClass 1

LDA projection ey

‘;Class 1

2nd PCA projection

(ST 6 TE (N SN ) (8B N8l eNNe [ ]

32
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Gaussian ML Discriminant Rule and LDA

oClass 0
eClass 1

LDA projection

LDA fails when the classes cannot be separated linearly

33
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oClass 0
eClass 1
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Which model?




‘.- Comparison Results

Compare | Crossval Cul ¥ | p Clipboar

ross Validatic | gap o

nput Dim fuld

:gression Diain / Test rat

2 T |[75% -

Remove Clear All

F-Measure (Test)

=PrL

Can you interpret these results?

< Box Plots

GMM 1 Ful K-MEqual
GMM 3 Ful K-MEqual
GMM 5 Ful K-MEqual
GMM 7 Ful K-MEqual
GMM 10 Ful K-MEqual
GMM 14 Ful K-MEqual

GMM 1 Ful K-MEqual GMM 3 Ful K-MEqual GMM 5 Ful K-MEqual GMM 7 Ful K-MEqual3MM 10 Ful K-MEqualsMM 14 Ful K-MEqualzMM 20 Ful K-MEqual

1.00u 1.00u 1.00u

1.00070 1.0001 70 1.000—

What happened?

Fits single Gauss fct
with too few datapoints

36
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Curse of Dimensionality

Computational Costs
O(N2, M?)

O(N,M)

N: Nb of dimensions
M: Nb of datapoints

Computational costs may grow as a function
of number of dimensions or of number of datapoints

37



Example : Classification with 2 GMMs
(1 Gaussian per model. full covariance matrix)
Computational costs in GMM grow quadratically with N and
linearly with M at training and quadratically with N at testing

’WD
,ueRN,Z:NxN,

S } \.JW*\A

. . . NN +1)
Y. symmetric matrix — size reduces to at most —————= ~

When using a diagonal matrix, size of £ reduces to N

e

Count the number of parameters




Example : Classification with 2 GMMs

(1 Gaussian per model, spherical covariance matrix)

2 ¥ g%

°_ o
e 2 4. °
U

Count the number of parameters

39



Example : Classification with 2 GMMs

(1 Gaussian per model, spherical covariance matrix)

HeRY S NxN",

N(N+1)

¥ symmetric matrix — size reduces to at most N?

When using a diagonal matrix, size of £ reduces to N

unln-'i

e 8
a9 2 9
CLT Bt )

Count the number of parameters

40



‘.- Comparison Results

Compare | Crossval Cul ¥ | p Clipboar

ross Validatic | gap o

nput Dim fuld o

:gression Diain / Test rat

to
2 MBYES T reset
Remove Clear All Save

SetB

click
to
reset

Load

F-Measure (Test)

< Box Plots

=PrL

Choose among these 3 models depending on your needs

GMM 1 Ful K-MEqual
GMM 3 Ful K-MEqual
GMM 5 Ful K-MEqual
GMM 7 Ful K-MEqual
GMM 10 Ful K-MEqual
GMM 14 Ful K-MEqual
GMM 20 Ful K-MEqual

4

4

4

GMM 1 Ful K-MEqual GMM 3 Ful K-MEqual GMM 5 Ful K-MEqual GMM 7 Ful K-MEqual3MM 10 Ful K-MEqualsMM 14 Ful K-MEqualzMM 20 Ful K-MEqual

0.808

0-79097771

uw%
LY,

1.000
1.000557;

1.000
1.000gop

1.000
1.00Cgop

1.000
1.00Cggp

1.00u
1.000——

41
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Classification Error on training and testing sets

Classification Error Rate

0,08
0,07

0,06
0,05

0,04
0,03
0,02
0,01

KNN1 KNN3 KNMN5 KNMNE ENMN11 KNM15 ENM202ENMN252KNM302

e ErTOT 3T TESKINE ST s ErTOT 31 training set

| Training Error | Testing Error
a

Which of these three a Low High
combination is b

: b Low Low
overfitting? c

C High High

42
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Classification Error on training and testing sets

Classification Error Rate

0,08
0,07

0,06
0,05

0,04
0,03
0,02
0,01

KNN1 KNN3 KNMN5 KNMNE ENMN11 KNM15 ENM202ENMN252KNM302

e ErTOT 3T TESKINE ST s ErTOT 31 training set

Which of th§se three Overfitting Low High
combmat.lon 18 Good fit Low Low

overfitting?
Underfitting High High

43
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Crossvalidation & Choice of training/testing ratio

¢ Avoid overfitting (i.e. fitting too well all datapoints including noise)
—> Train the classifier with a small sample of all datapoints
—> Test the classifier with the remaining datapoints.

* Typical choice of training/testing set ratio is 2/3" training, 1/3" testing.

% The smaller the ratio, the more robust the classification

>

Several-fold crossvalidation

» Typical choice 1s 10-fold crossvalidation. However, this depends on how many
datapoints you have in your dataset!

44
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Classification with K- Nearest Neighbors (K-NN)

- p(y= green|xK—13) ?

e ©O4 | ° p(y=green|x,K =13)=0.69

o o i i i
————————-I-————————————l———————————— ————————————i ——————————————————— -‘-———-I———i ————————————————————
p(y= green|x K—l) ?, < ©

=1)= | K=4)= ‘7 |
p(y = green | x, K 1 1 p(y_ green|x
> | - p(y= greenlxK 4) 0.25, .

———————————————————————————————————————————————————————



cPrL
Draw the boundaries found by KNN for different K

oClass 0
oClass 1
oClass 2

K=1, K=3, K=20

46
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Draw the boundaries found by KNN for different K

ollass U
oClass 1
oClass 2

ollass U
oClass 1
oClass 2

Advantages: Simple, fast, no need for long training period
Disadvantages: Curse of dimensionality (stores the entire dataset)
= Can be used for real-time learning of low-dimensional classification problems

47
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KNN application — Training EMG controller

emovocdare

EMG control App : provides visualization and a way to collect labelled data rapidly
Training phase (~30 sec) : User input from 8D EMG -> labelled into 3 classes (closed,
open, rest) using the app

Control phase : Real-time KNN classification to control exoskeleton accordingly
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